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1. Introduction
The concept of a hyperstructure was introduced in 1934 by Marty [20] at the 8th Congress of
Scandinavian Mathematicians. Hyperstructures have many applications in several branches of both
pure and applied sciences [7].
In this paper we introduce and analyze two equivalence relations in semihypergroups, for which
the corresponding quotient structures aremonoids and commutativemonoids. These relations extend
an important equivalence relation in a semihypergroup, called the fundamental relation and denoted
by β∗. The relation β∗ was introduced by Koskas [18] and studied then by many researchers;
see [25,24,26–28]. An important result on the relation β is the following one: If H is a hypergroup,
then β∗ is the smallest equivalence relation, such that the quotient H/β∗ is a group.
There are a considerable number of papers which present connections between binary
relations and hyperstructures. In [2], Chvalina found a correspondence between ordered sets and
hypergroups. Rosenberg [21] generalized the Chvalina definition, associating with any binary relation
a hypergroupoid. The Rosenberg hypergroup was studied by Corsini [5] and then, by Corsini and
Leoreanu [6]. Other connections between hyperstructures and binary relations have been analyzed
in [1,8,9,19,22]. In [16], Freni introduced another interesting relation denoted by α, which is the
smallest equivalence relation in a hypergroup such that the quotient H/α is an abelian group.
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Important results in this direction have been obtained by Davvaz and Karimian [10,11,17], by Davvaz
and Salasi [12], and by Davvaz and Vougiouklis [13].
The fundamental relation β is connected with another important notion in a semihypergroup,
called a complete part. The notion of a complete part was introduced by Koskas [18] and studied then
by Corsini [3] and Sureau [23] in the context of the general theory of hypergroups, by De Salvo from
the combinatorial point of view [14], and by Freni in connection with the structure of the heart [15].
This paper is structured as follows. After a presentation of some basic notions and results in
semihypergroups, we introduce and analyze the relation ζe, for which the transitive closure leads
to a monoid as a quotient structure. In the next part we analyze when the relation ζe is transitive and
we give some necessary and sufficient conditions. Using the relation ζ ∗e , we characterize the derived
ζ ∗e -strong semihypergroup. Finally, we propose a new relation, denoted by τ ∗e , which extends ζ ∗e and
for which the quotient structure is a commutative monoid.
2. Basic notions and results in semihypergroups
A hypergroupoid (S, ◦) is a non-empty set S together with a hyperoperation ◦ defined on S, that is
a mapping from S × S into the family of non-empty subsets of S.
If (x, y) ∈ S × S, then its image under ◦ is denoted by x ◦ y and for simplicity by xy. If A, B are
non-empty subsets of S then A ◦ B is given by A ◦ B ={x ◦ y | x ∈ A, y ∈ B}. x ◦ A is used for {x} ◦ A.
A hypergroupoid (S, ◦) is called a semihypergroup if ◦ is associative. A semihypergroup is called a
hypergroup if for all x ∈ H, H = H ◦ x = x ◦ H .
A non-empty subset A of a semihypergroup S is called left invertible if for all (x, y) ∈ S2, the
implication y ∈ A ◦ x ⇒ x ∈ A ◦ y holds. A is invertible if A is left and right invertible.
Let (S, ∗) and (S ′, ∗′) be semihypergroups. A map f : S → S ′ is called a homomorphism if
f (a ⋆ b) ⊆ f (a) ⋆′ f (b) for all a and b in S. We say that f is a good homomorphism if for all a and b
in S,
f (a ⋆ b) = f (a) ⋆′ f (b).
If (S, ·) is a semihypergroup (hypergroup) and R ⊆ S × S is an equivalence relation, we set
A
=
R B ⇔ aRb, ∀a ∈ A, ∀b ∈ B,
for all pairs (A, B) of non-empty subsets of S.
The relation R is said to be left (resp., right) strongly regular if
∀(x, y, a) ∈ S3, xRy ⇒ a ⋆ x =R a ⋆ y
(resp., xRy ⇒ x ⋆ a =R y ⋆ a).
Moreover, R is called strongly regular if it is left and right strongly regular.
If (S, ·) is a semihypergroup (resp., hypergroup) and R is strongly regular, then the quotient SR is a
semigroup (resp., group) under the operation
R(x)⊗ R(y) = R(z), ∀z ∈ x · y.
For all n > 1 we define the relation βn on a semihypergroup (S, ·), as follows:
aβnb ⇔ ∃(x1, . . . , xn) ∈ Sn : {a, b} ⊆
n
i=1
xi.
Set β = ni=1 βn, where β1 = {(x, x) | x ∈ S} is the diagonal relation on S. If β∗ is the transitive
closure of β , then β∗ is an equivalence relation.
Moreover, if S is a hypergroup, then β = β∗; see [4].
A non-empty subsetAof S is called a complete part of S if for alln > 2 and for all (x1, x2, . . . , xn) ∈ Sn
the following implication holds:
n
i=1
xi

A ≠ ∅ ⇒
n
i=1
xi ⊆ A.
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3. The relation ζe
In this section we introduce a relation denoted by ζe in a semihypergroup, which we shall use in
order to determine a characterization of a new derived semihypergroup.
Let (S, ·) be a semihypergroup and e be some element of S.
Definition 3.1. We say that a pair (
n
i=1 xi ,
m
t=1 yt ) satisfies the conditionP ifm > n and there exist
k and l in N such that 1 6 k 6 n, k 6 l 6 m, m = n+ (l− k+ 1) and
yt =
xt , if 1 6 t < k;
e, if k 6 t 6 l;
xt+k−l−1 , if l < t 6 m.
(3.1)
We define
ℜP,e :=

n
i=1
xi ,
m
t=1
yt
 

n
i=1
xi ,
m
t=1
yt

satisfies the conditionP

,
ℜeP := ℜP,e ∪ (ℜP,e)−1,
I :=

n
i=1
xi ,
n
i=1
xi
∀i ∈ {1, 2, . . . , n}, xi ∈ S, n ∈ N, n > 1

andℜe := ℜeP

I.
Definition 3.2. We define the relation ζe on (S, ·) as follows:
xζey ⇔ ∃(A, B) ∈ ℜe, x ∈ A, y ∈ B.
Remark 3.3. The relation ζe is reflexive and symmetric and β ⊆ ζe.
Let ζ ∗e be the transitive closure of ζe. In order to analyze the quotient hyperstructure with respect
to this equivalence relation, we check that:
Lemma 3.4. ζ ∗e is a strongly regular relation.
Proof. We can see that ζ ∗e is an equivalence relation. In order to prove that it is strongly regular, we
have to show first that
xζey ⇒ xz
=
ζe yz, zx
=
ζe zy (3.2)
for all z ∈ S. Since xζey, it follows that there exists (A, B) ∈ ℜe such that x ∈ A and y ∈ B. We
distinguish the following situations:
Case 1. There exists a pair (
n
i=1 xi ,
m
t=1 yt ) which satisfies the condition P and A =
n
i=1 xi and
B =mt=1 yt . We obtain
xz ⊆

n
i=1
xi

z and yz ⊆

m
t=1
yt

z.
For all 1 6 i 6 n set x′
i
= xi and x′n+1 = z and for all 1 6 t 6 m set y′t = yt and y′m+1 = z. Thus
xz ⊆
n+1
i=1
x′
i
and yz ⊆
m+1
t=1
y′
t
.
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Table 1
The hyperoperation of S.
∗ e a b c
e a {e, a} b c
a {e, a} {e, a} b c
b b b b b
c c c b c
Table 2
The hyperoperation of S/ζ ∗e .
⋆ ζ ∗e (e) ζ ∗e (b) ζ ∗e (c)
ζ ∗e (e) ζ ∗e (e) ζ ∗e (b) ζ ∗e (c)
ζ ∗e (b) ζ ∗e (b) ζ ∗e (b) ζ ∗e (b)
ζ ∗e (c) ζ ∗e (c) ζ ∗e (b) ζ ∗e (c)
It is easy to see that the pair (
n+1
i=1 x′i ,
m+1
t=1 y′t ) satisfies the conditionP and hence this pair belongs
to ℜeP ⊆ ℜe. Therefore for all v ∈ xz and for all u ∈ yz, we have v ∈ xz ⊆ Az and u ∈ yz ⊆ Bz, so
vζeu, because (Az, Bz) ∈ ℜe. Thus xz
=
ζe yz.
Case 2. If there exists a pair (
n
i=1 xi ,
m
t=1 yt ) which satisfies the condition P and x ∈
m
t=1 yt =
B, y ∈ni=1 xi = A, then according to Case 1, (Az, Bz) ∈ ℜe and so (Bz, Az) ∈ ℜe. Thus xz =ζe yz.
Case 3. There exists n > 1 such that x, y ∈ A = B =ni=1 xi . Thus xz ∪ yz ⊆ (ni=1 xi)z. It follows
that xz
=
ζe yz.
In the same way, we can show that xζey ⇒ zx
=
ζe zy.
Moreover, if xζ ∗e y, then there exist m ∈ N and (u0 = x, u1, . . . , um = y) ∈ Sm such that
x = u0ζeu1ζe · · · ζeum−1ζeum = y, whence, by (3.2), we obtain
xz = u0z
=
ζe u1z
=
ζe u2z
=
ζe · · ·
=
ζe um−1
=
ζe umz = yz.
Hence, for all v ∈ xz = u0z and for all u ∈ umz = yz, taking z1 ∈ u1z, z2 ∈ u2z, . . . , zm−1 ∈ um−1z,
we have vζez1ζez2ζe · · · ζezm−1ζeu, and so vζ ∗e u. Therefore
xζ ∗e y ⇒ xz
=
ζ ∗e yz.
Similarly we can prove that xζ ∗e y ⇒ zx
=
ζ ∗e zy; hence ζ ∗e is strongly regular. 
Hence, the quotient hyperstructure is an ordinary algebraic structure; more exactly:
Theorem 3.5. The quotient S/ζ ∗e is a monoid with the identity ζ ∗e (e).
Proof. By Lemma 3.4, ζ ∗e is a strongly regular equivalence, so the quotient S/ζ ∗e is a semigroup under
the following operation:
ζ ∗e (x)⊗ ζ ∗e (y) = ζ ∗e (z), ∀z ∈ xy.
Moreover, for all x ∈ S we have (x, ex) ∈ ℜeP and (x, xe) ∈ ℜeP. So for all y ∈ xe∪ex, xζey and hence
ζ ∗e (x) = ζ ∗e (y). Therefore ζ ∗e (x)⊗ ζ ∗e (e) = ζ ∗e (x) = ζ ∗e (e)⊗ ζ ∗e (x) and the proof is complete. 
Example 3.6. Consider the semihypergroup (S, ∗), where ∗ is defined on S as given in Table 1.
We can see that the monoid S/ζ ∗e is as given in Table 2:
Note that ζ ∗e (e) = ζ ∗e (a).
Example 3.7. Let X be a non-empty subset of F and f : F / X∗ be a surjection map, where
X∗ is the free semigroup on X and f (x) = x, for all x ∈ X . Then (F , ⋆) is a semihypergroup, where
w1⋆w2 :def= f −1(f (w1)f (w2)), for every (w1, w2) ∈ F 2. Now let e ∈ F ; we can see that F/ζ ∗e ∼= X∗/ζ ∗f (e).
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Example 3.8. We recall that a KH semihypergroup is a semihypergroup constructed from a
semihypergroup H = (H, ◦) and a family {A(x)}x∈H of a non-empty subsets such that
∀(x, y) ∈ H2 : x ≠ y ⇒ A(x) ∩ A(y) = ∅,
KH =

x∈H
A(x),
and define the following hyperoperation ⋆:
∀(x, y) ∈ K 2H; a ∈ A(x), b ∈ A(y),
a ⋆ b :=

z∈x◦y
A(z).
Now let e ∈ H and e′ ∈ A(e). In this case we have
xζey ⇔ A(x)
=
ζ e′A(y)
for every (x, y) ∈ H2, and hence we have H/ζ ∗e ∼= KH/ζ ∗e′ .
Moreover, we have the next theorem:
Theorem 3.9. The relation ζ ∗e is the smallest equivalence relation such that the quotient S/ζ ∗e is a monoid
with the identity ζ ∗e (e).
Proof. Let R be a strongly regular equivalence such that S/R is a monoid with the identity R(e). Let
φe : S → S/R be the canonical projection; so φe is a good homomorphism.
Let x ζe y. Suppose that there exists a pair (
n
i=1 xi ,
m
t=1 yt ) which satisfies the condition P and
x ∈ A = ni=1 xi , y ∈ B = mt=1 yt . Therefore φe(x) = φe(z) and φe(y) = φe(r) for all z ∈ ni=1 xi
and r ∈ mt=1 yt . Since φe(e) = R(e) is the identity element of the monoid S/R, by (3.1) we obtainn
i=1 φe(xi) =
m
t=1 φe(yt ) and hence φe(z) = φe(r). Therefore φe(x) = φe(y) and so xRy.
Similarly, if (A, B) satisfies the condition P and x ∈ B, y ∈ A, we obtain xRy. If x, y ∈ ni=1 xi then
φe(x) = φe(y); hence xRy. Thus x ζe y implies that xRy.
Finally, let x ζ ∗e y. Since R is transitively closed, we obtain
x ∈ ζ ∗e (y)⇒ x ∈ R(y).
Therefore ζ ∗e ⊆ R. 
4. The transitivity condition of ζe
In this section we determine some necessary and sufficient conditions for the relation ζe to be
transitive.
LetM be a non-empty subset of a semihypergroup (S, ·).
Definition 4.1. We say thatM is a ζ ∗e -part of S if
n
i=1 xi ∩M ≠ ∅ implies that
(P1)
m
t=1 yt ⊆ M for all
m
t=1 yt such that one of the pairs (
n
i=1 xi ,
m
t=1 yt ), (
m
t=1 yt ,
n
i=1 xi)
satisfies the conditionP and
(P2)
n
i=1 xi ⊆ M .
Using this notion, we obtain the following characterization:
Proposition 4.2. The following conditions are equivalent:
(i) M is a ζ ∗e -part;
(ii) x ∈ M, xζey ⇒ y ∈ M;
(iii) x ∈ M, xζ ∗e y ⇒ y ∈ M.
468 S.Sh. Mousavi et al. / European Journal of Combinatorics 33 (2012) 463–473
Proof. (i) ⇒ (ii) Let (x, y) ∈ S2 be such that x ∈ M and x ζe y. Suppose that there exists a pair
(
n
i=1 xi ,
m
t=1 yt )which satisfies the conditionP and is such that x ∈ A =
n
i=1 xi , y ∈ B =
m
t=1 yt .
Since x ∈ M,ni=1 xi ∩M ≠ ∅ and so we obtainmt=1 yt ⊆ M by Definition 4.1(P1). Thus y ∈ M .
Similarly, if (A = ni=1 xi , B = mt=1 yt ) satisfies the condition P and x ∈ B, y ∈ A, thenn
i=1 yi ∩M ≠ ∅ and so we obtain
m
i=1 xi ⊆ M by Definition 4.1(P1). Thus y ∈ M .
On the other hand, if x, y ∈ni=1 xi , then y ∈mt=1 yt ⊆ M , by Definition 4.1(P2).
(ii) ⇒ (iii) Let (x, y) ∈ S2 be such that x ∈ M and x ζ ∗e y. So there exist m ∈ N and (w0 =
x, w1, . . . , wm−1, wm = y) ∈ Sm such that x = w0ζew1ζew2 · · · ζewm−1ζewm = y. Since x ∈ M ,
applying (ii)m times, we obtain y ∈ M .
(iii)⇒ (i) Letni=1 xi ∩ M ≠ ∅ andmt=1 yt be such that (ni=1 xi ,mt=1 yt ) or (mt=1 yt ,ni=1 xi)
satisfies the condition P. Suppose that (
n
i=1 xi ,
m
t=1 yt ) satisfies the condition P; the other case is
similar. Since
n
i=1 xi ∩ M ≠ ∅, it follows that there exists x ∈
n
i=1 xi ∩ M . Let y be an arbitrary
element of
m
t=1 yt . From (
n
i=1 xi ,
m
t=1 yt ) ∈ ℜeP it follows that x ζ ∗e y. Thus by (iii) we have y ∈ M
and so
m
t=1 yt ⊆ M . Finally, let x ∈ M ∩
n
i=1 xi . Since for all y ∈
n
i=1 xi , xζ
∗
e y, from (iii) it follows
that y ∈ M , soni=1 xi ⊆ M . 
Before proving the next theorem, we introduce the following notation.
Notation 4.3. Let x be an arbitrary element of a semihypergroup (S, ·). For all n > 1, set:
(N1) P℘n (x) =
m
t=1 yt | x ∈
n
i=1 xi , (
n
i=1 xi ,
m
t=1 yt ) or (
m
t=1 yt ,
n
i=1 xi) satisfies the
conditionP

;
(N2) Pℑn (x) =
n
i=1 xi | x ∈
n
i=1 xi

;
(N3) P(x) =n>1(P℘n (x) ∪ Pℑn (x)).
From the above notation and definitions, we obtain:
Proposition 4.4. For all x ∈ S, P(x) = {y ∈ S | x ζe y}.
Proof. Let x ∈ S and y ∈ P(x). So there exists n > 1 such that y ∈ P℘n (x) ∪ Pℑn (x). If y ∈ P℘n (x),
then there exists
m
t=1 yt such that one of the pairs (
n
i=1 xi ,
m
t=1 yt ), (
m
t=1 yt ,
n
i=1 xi) satisfies the
condition P and x ∈ ni=1 xi and y ∈ mt=1 yt . Therefore (ni=1 xi ,mt=1 yt ) ∈ ℜeP and hence x ζe y. If
y ∈ Pℑn (x), then the proof is immediate. Thus P(x) ⊆ {y ∈ S | x ζe y}. The proof of the reverse of the
inclusion is obvious. 
Lemma 4.5. Let (S, ·) be a semihypergroup and let M be a ζ ∗e -part of S. If x ∈ M, then P(x) ⊆ M.
Proof. If y ∈ P(x), then xζey. First, suppose that there exists a pair (
n
i=1 xi ,
m
t=1 yt ) which satisfies
the condition P and is such that x ∈ A = ni=1 xi , y ∈ B = mt=1 yt . Since x ∈ ni=1 xi ∩ M
and M is a ζ ∗e -part, it follows that
m
t=1 yt ⊆ M by Definition 4.1(P1) and so y ∈ M . Similarly, if
(
m
t=1 yt ,
n
i=1 xi) satisfies the condition P, x ∈
n
i=1 xi , y ∈
m
t=1 yt , then by Definition 4.1(P1) we
obtain y ∈ M . Finally, if x, y ∈ni=1 xi , then y ∈ M by Definition 4.1(P2). 
Using the above results, we obtain the following characterization:
Theorem 4.6. Let S be a semihypergroup. The following conditions are equivalent:
(i) ζe is transitive;
(ii) for every x ∈ S, ζ ∗e (x) = P(x);
(iii) for every x ∈ S, P(x) is a ζ ∗e -part of S.
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Proof. (i)⇒ (ii) By Proposition 4.4, for all pairs (x, y) ∈ S2 we have
y ∈ ζ ∗e (x)⇔ xζ ∗e y ⇔ xζey ⇔ y ∈ P(x).
(ii)⇒ (iii) By Proposition 4.2, if M is a non-empty subset of S, then M is a ζ ∗e -part of S if and only
if it is a union of equivalence classes modulo ζ ∗e . In particular, every equivalence class modulo ζ ∗e is a
ζ ∗e -part of S.
(iii)⇒ (i) Let x ζe y and y ζe z, so x ∈ P(y) and y ∈ P(z) by Proposition 4.4. Since P(z) is a ζ ∗e -part,
by Lemma 4.5, we have P(y) ⊆ P(z) and hence x ∈ P(z). Therefore, x ζe z by Proposition 4.4 and the
proof is complete. 
5. The ζ∗e -strong semihypergroup and a characterization of a derived ζ∗e -strong semihypergroup
In this part, using the relation ζe, we characterize a derived ζ
∗
e -strong semihypergroup. First, we
need the next notion:
Definition 5.1. Let (S, ·) be a semihypergroup and φe be the canonical projection φe : S → S/ζ ∗e .
Define De(S) as the kernel of the canonical projection φe, i.e., De(S) = φ−1e (eS/ζ∗e ).
Proposition 5.2. For a non-empty subset M of a semihypergroup S we have De(S)M ∪ MDe(S) ⊆ φ−1e
(φe(M)).
Proof. For all x ∈ De(S)M , there exists a pair (d,m) ∈ De(S) × M such that x ∈ dm, so φe(x) =
φe(d) ⊗ φe(m) = φe(m). Therefore φe(x) = φe(m) and hence φe(x) ∈ φe(M). Thus x ∈ φ−1e (φe(M)).
Similarly,MDe(S) ⊆ φ−1e (φe(M)). 
We introduce now a class of semihypergroups for which the relation ζe is transitive.
Definition 5.3. A semihypergroup S is called ζ ∗e -strong whenever
(i) for all x, y ∈ S if xζ ∗e y, then xe ∩ ye ≠ ∅ and ex ∩ ey ≠ ∅ and
(ii) {e} is invertible.
Remark 5.4. In Example 3.6 the semihypergroup (S, ∗) is a ζ ∗e -strong semihypergroup.
The next result provides a characterization for ζ ∗e -parts of a ζ ∗e -strong semihypergroup.
Proposition 5.5. For a non-empty subset M of a ζ ∗e -strong semihypergroup S we have:
(i) MDe(S) = De(S)M = φ−1e (φe(M));
(ii) M is an ζ ∗e -part if and only if φ−1e (φe(M)) = M.
Proof. (i) By Proposition 5.2 it is enough prove that
φ−1e (φe(M)) ⊆ De(S)M ∩MDe(S).
For all x ∈ φ−1e (φe(M)), an element m ∈ M exists such that φe(x) = φe(m). Since S is a ζ ∗e -strong
semihypergroup, it follows that xe ∩ me ≠ ∅. So there exists z ∈ xe ∩ me. Since {e} is invertible, we
have x ∈ ze and hence x ∈ mee. Therefore x ∈ MDe(S),because ee ⊆ De(S). Similarly we can prove
φ−1e (φe(M)) ⊆ De(S)M .
(ii) LetM be an ζ ∗e -part and set x ∈ φ−1e (φe(M)). Thus there existsm ∈ M such that φe(x) = φe(m)
and hence mζ ∗e x, so by Proposition 4.2 we have x ∈ M . Therefore φ−1e (φe(M)) ⊆ M . Since
M ⊆ φ−1e (φe(M)) it follows thatφ−1e (φe(M)) = M . For the proof of the sufficiency suppose thatmζ ∗e x
andm ∈ M . Thus φe(x) = φe(m) ∈ φe(M) and so x ∈ φ−1e (φe(M)) = M . Therefore by Proposition 4.2
it follows thatM is an ζ ∗e -part of S. 
Using the above theorem, we can show the following:
Theorem 5.6. If S is a ζ ∗e -strong semihypergroup, then ζe is transitive.
Proof. By Theorem 4.6, it is enough to show that for all x ∈ S, P(x) is an ζ ∗e -part of H . According to
Proposition 5.5, we have to check that φ−1e (φe(P(x))) = P(x).
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Let z ∈ φ−1e (φe(P(x))), so there exists k ∈ P(x) such that φe(z) = φe(k) and hence ζ ∗e (z) = ζ ∗e (k).
Since k ∈ P(x), xζek by Proposition 4.4. Thus ζ ∗e (k) = ζ ∗e (x) and so ζ ∗e (z) = ζ ∗e (x). Since S is a ζ ∗e -
strong semihypergroup, we have xe∩ ze ≠ ∅ and hence there exists s ∈ xe∩ ze. Therefore x ∈ zee and
z ∈ xee, because {e} is invertible and so z ∈ zeeee. Since (zee, zeeee) ∈ ℜeP, we have xζez and hence
z ∈ P(x). So we have proved that φ−1e (φe(P(x))) ⊆ P(x); it is obvious that P(x) ⊆ φ−1e (φe(P(x))).
Therefore φ−1e (φe(P(x))) = P(x) and the proof is complete. 
6. The relation τ∗e
In this last part, we introduce another equivalence relation on a semihypergroup, for which the
quotient hyperstructure is a commutative monoid.
Let (S, ·) be a semihypergroup and e be some element of S. Denote by Sn the group of all
permutations of the set {1, 2, . . . , n}.
Definition 6.1. We say that a pair (
n
i=1 xi ,
m
t=1 yt ) satisfies the condition T ifm > n and there exist
k and l in N such that 1 6 k 6 n, k 6 l 6 m, m = n+ (l− k+ 1) and ∃σ ∈ Sn for which
yt =
xσ(t), if 1 6 t < k;
e, if k 6 t 6 l;
xσ(t+k−l−1), if l < t 6 m.
(6.1)
Similarly to above, we define
UT,e :=

n
i=1
xi ,
m
t=1
yt
 

n
i=1
xi ,
m
t=1
yt

satisfies the condition T

,
UeT := UT,e ∪ (UT,e)−1,
J :=

n
i=1
xi ,
n
i=1
xσ(i)
∀i ∈ {1, 2, . . . , n}, xi ∈ S, n ∈ N, n > 1, σ ∈ Sn

and Ue := UeT

J.
Definition 6.2. We define the relation τe on (S, ·) as follows:
xτey ⇔ ∃(A, B) ∈ Ue, x ∈ A, y ∈ B.
Remark 6.3. The relation τe is reflexive and symmetric.
Let τ ∗e be the transitive closure of τe.
Theorem 6.4. τ ∗e is a strongly regular relation and the quotient S/τ ∗e is a commutative monoid with the
identity τ ∗e (e).
Proof. Clearly, τ ∗e is an equivalence relation. First, we check that
xτey ⇒ xz =τe yz, zx =τe zy (6.2)
for all z ∈ S. From xτey, it follows that there exists (A, B) ∈ Ue such that x ∈ A and y ∈ B.
If (A, B) ∈ UT,e, then A = ni=1 xi , B = mt=1 yt and (A, B) satisfies the condition T and the
corresponding permutation of this pair is σ ∈ Sn. Then xz ⊆ (ni=1 xi)z and yz ⊆ (mt=1 yt )z.
Like in Lemma 3.4, for all 1 6 i 6 n set x′
i
= xi and x′n+1 = z and for all 1 6 t 6 m set y′t = yt and
y′
m+1 = z. Thus
xz ⊆
n+1
i=1
x′
i
and yz ⊆
m+1
t=1
y′
t
.
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Define σ ′ ∈ Sn+1 as follows: σ ′(i) = σ(i) for all i ∈ {1, 2, . . . , n} and σ ′(n + 1) = σ(n + 1). Hence
the pair (
n+1
i=1 x′i ,
m+1
t=1 y′t ) satisfies the condition T and the corresponding permutation of this pair
is σ ′ and hence this pair belongs to UT,e ⊆ Ue. Thus xz =τe yz.
If (A, B) ∈ (UT,e)−1 then (Bz, Az) ∈ UT,e and so we obtain again that xz =τe yz.
If (A, B) ∈ J and the corresponding permutation of this pair is σ ∈ Sn, then we define σ ′ as above
and it follows that (Az, Bz) ∈ J, whence xz =τe yz.
In a similar way, we can show that xτey ⇒ zx =τe zy. Now, if xτ ∗e y, then there exist m ∈ N and
(u0 = x, u1, . . . , um = y) ∈ Sm such that x = u0τeu1τe · · · τeum−1τeum = y, whence, by (6.2), we
obtain
xz = u0z =τe u1z =τe u2z =τe · · · =τe um−1 =τe umz = yz.
Hence xτ ∗e y ⇒ xz
=
τ ∗e yz. Similarly we can prove that xτ ∗e y ⇒ zx
=
τ ∗e zy; thus τ ∗e is strongly regular.
Therefore the quotient S/τ ∗e is a semigroup under the following operation:
τ ∗e (x)⊗ τ ∗e (y) = τ ∗e (z), ∀z ∈ xy.
On the other hand, since (xy, yx) ∈ J, it follows that τ ∗e (x)⊗ τ ∗e (y) = τ ∗e (y)⊗ τ ∗e (x). Moreover, for all
x ∈ S, (x, xe) ∈ Ue, so τ ∗e (x)⊗ τ ∗e (e) = τ ∗e (x), and hence S/τ ∗e is a commutative monoid. 
Theorem 6.5. τ ∗e is the smallest equivalence relation such that the quotient is a commutative monoid.
Proof. Let R be a strongly regular equivalence such that (S/R,⊗) is a commutative monoid with the
identity R(e). Let φe : S → S/R be the canonical projection, which is a good homomorphism. We
check that xτey implies that xRy.
If there exists a pair (A = ni=1 xi , B = mt=1 yt ) which satisfies the condition T and x ∈
A = ni=1 xi , y ∈ B = mt=1 yt , then we obtain φe(x) = ni=1 φe(xi) = mt=1 φe(yt ) = φe(y).
Hence xRy. Similarly, if (A, B) satisfies the condition T and x ∈ B, y ∈ A, we obtain xRy. Finally, if
x ∈ ni=1 xi , y ∈ ni=1 xσ(i), where σ ∈ Sn, then φe(x) = ni=1 φe(xi) = ni=1 φe(xσ(i)) = φe(y),
whence xRy. Since R is transitively closed, we obtain
x ∈ τ ∗e (y)⇒ x ∈ R(y).
Therefore τ ∗e ⊆ R. 
Corollary 6.6. If (S, ·) is a hypergroup and e is an element of S, then S/τ ∗e is a commutative group with
the identity τ ∗e (e). Moreover, τ ∗e is the smallest equivalence relation such that the quotient is a commutative
group.
Like for the relation ζe, we introduce the following notation, in order to characterize the transitivity
of the relation τe.
Notation 6.7. Let x be an arbitrary element of a semihypergroup (S, ·). For all n > 1, set
PTn(x) =
 m
t=1
yt | x ∈
n
i=1
xi ,

n
i=1
xi ,
m
t=1
yt

or

m
t=1
yt ,
n
i=1
xi

satisfies the condition T

;
PIn(x) =
 n
i=1
xσ(i) | x ∈
n
i=1
xi , σ ∈ Sn

;
T (x) =

n>1
(PTn(x) ∪ PIn(x)).
The next results have similar proofs to Proposition 4.4, Lemma 4.5 and Theorem 4.6.
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Proposition 6.8. For all x ∈ S, T (x) = {y ∈ S | xτey}.
IfM is a non-empty subset of a semihypergroup (S, ·), then we give the following definition:
Definition 6.9. We say thatM is a τ ∗e -part of S if
n
i=1 xi ∩M ≠ ∅ implies that
(T1)
m
t=1 yt ⊆ M for all
m
t=1 yt such that one of the pairs (
n
i=1 xi ,
m
t=1 yt ), (
m
t=1 yt ,
n
i=1 xi)
satisfies the condition T and
(T2)
n
i=1 xσ(i) ⊆ M , for all σ ∈ Sn.
Lemma 6.10. Let (S, ·) be a semihypergroup and M be a τ ∗e -part of S. If x ∈ M, then T (x) ⊆ M.
Using the above results, we obtain the following characterization for the transitivity property of
the relation τe:
Theorem 6.11. Let S be a semihypergroup. The following conditions are equivalent:
(i) τe is transitive;
(ii) for every x ∈ S, τ ∗e (x) = T (x);
(iii) for every x ∈ S, T (x) is a τ ∗e -part of S.
7. Conclusion
Connections between binary relations and hyperstructures have been investigated in several
papers and in some of them the quotient structures play an important role. This paper follows this
direction of study. It presents two new equivalence relations in semihypergroups, which lead to
monoid and commutative monoid quotient structures. This research direction is open to new studies,
for instance the analysis of the finite case for several connections between hypergroups and binary
relations.
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